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RIGIDITY OF PROPER HOLOMORPHIC MAPS BETWEEN TYPE-I
IRREDUCIBLE BOUNDED SYMMETRIC DOMAINS
SHAN TAI CHAN
Abstract. We study proper holomorphic maps between type-I irreducible bounded
symmetric domains. In particular, we obtain rigidity results for such maps under certain
assumptions. More precisely, let f : DIp,q → D
I
p′,q′ be a proper holomorphic map, where
p ≥ q ≥ 2 and q′ < min{2q − 1, p}. Then, we show that p′ ≥ p and q′ ≥ q. Moreover, we
prove that there exist automorphisms ψ and Φ of DIp,q and D
I
p′,q′ respectively, such that
f = Φ ◦Gh ◦ ψ for some map Gh : D
I
p,q → D
I
p′,q′ defined by
Gh(Z) :=
[
Z 0
0 h(Z)
]
∀ Z ∈ DIp,q ,
where h : DIp,q → D
I
p′−p,q′−q is a holomorphic map.
1. Introduction
In [13], Tsai has proven the total geodesy of proper holomorphic maps between irre-
ducible bounded symmetric domains D and Ω when rank(D) = rank(Ω) ≥ 2. In general,
there are irreducible bounded symmetric domains D and Ω with rank(Ω) > rank(D) ≥ 2
such that some proper holomorphic maps from D to Ω are nonstandard (i.e., not totally
geodesic). On the other hand, Tu [14] and Ng [9] have obtained rigidity results on proper
holomorphic maps between certain type-I irreducible bounded symmetric domains of rank
≥ 2 and of positive rank differences. Later on, Kim-Zaitsev [5, 4] have proven that any
proper holomorphic map between certain type-I irreducible bounded symmetric domains
of rank ≥ 2 should be of the specific form up to equivalence under the assumption that
such a map extends smoothly around a smooth boundary point of the domain. Moti-
vated by Kim-Zaitsev [5], Kim [4] and Ng [9], we aim at generalizing the rigidity results
of Kim-Zaitsev [5] and Kim [4] by removing the smoothness assumption in this article.
This will also generalize some results of Ng [9]. In our study, we will make use of the
holomorphic double fibrations, fibral-image-preserving maps between type-I irreducible
bounded symmetric domains and their (local) moduli maps introduced by Ng [9]. Indeed,
the study of such (local) moduli maps is particularly important for the classification of
proper holomorphic maps between type-I irreducible bounded symmetric domains (see Seo
[12]).
Let r and s be positive integers. Denote by M(r, s;C) the set of all r-by-s complex
matrices. For any matrix Z ∈ M(r, s;C), we denote by ZT ∈ M(s, r;C) the transpose of
Z. The type-I irreducible bounded symmetric domains are defined by
DIr,s :=
{
Z ∈M(r, s;C) : Is − ZTZ > 0
}
.
We will simply call them the type-I domains. On the other hand, the generalized complex
balls are defined by
Dr,s :=
[z1, . . . , zr+s] ∈ Pr+s−1 :
r∑
j=1
|zj |2 >
r+s∑
j=r+1
|zj |2

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for positive integers r and s. In what follows, we will write [A,B]r ∈ Dr,s to indicate that
A ∈M(1, r;C) and B ∈M(1, s;C) satisfy [A,B] ∈ Pr+s−1 and AAT −BBT > 0. We also
write
[z1, . . . , zn+1] = [z1, . . . , zr; zr+1, . . . , zn+1]r ∈ Pn, 1 ≤ r ≤ n,
for convenience.
Denote by Aut(U) the automorphism group of a connected complex manifold U . Let
F,G : X → Y be holomorphic maps between connected complex manifolds X and Y .
We say that F and G are equivalent, which is written as F ∼ G, if F = Ψ ◦ G ◦ ψ
for some Ψ ∈ Aut(Y ) and ψ ∈ Aut(X). A holomorphic map f : DIp,q → DIp′,q′ is said
to be standard if f is equivalent to the standard embedding ι : DIp,q →֒ DIp′,q′ given by
ι(Z) :=
[
Z 0
0 0
]
. For positive integers p, q, p′ and q′ such that p < p′ and q < q′, we define
the map Gh : D
I
p,q → DIp′,q′ by
Gh(Z) :=
[
Z 0
0 h(Z)
]
∀ Z ∈ DIp,q,
where h : DIp,q → DIp′−p,q′−q is a holomorphic map. Then, we say that a holomorphic map
f : DIp,q → DIp′,q′ is of diagonal type if and only if f is equivalent to the map Gh for
some holomorphic map h : DIp,q → DIp′−p,q′−q (cf. Ng-Tu-Yin [10]). A holomorphic map
f : DIp,q → DIp′,q′ is said to be of non-diagonal type if and only if f is not of diagonal
type. Then, a standard map f : DIp,q → DIp′,q′ is automatically of diagonal type.
Denote by O(M1,M2) the space of all holomorphic maps from a complex manifoldM1 to
a complex manifold M2. Let PH(D
I
p,q,D
I
p′,q′) be the space of all proper holomorphic maps
fromDIp,q toD
I
p′,q′ , where p, q, p
′ and q′ are positive integers. Then, for any positive integers
p, q, p′ and q′ satisfying p < p′ and q < q′, we have the map µp,q;p′,q′ : O(DIp,q,DIp′−p,q′−q)
→ PH(DIp,q,DIp′,q′) defined by µp,q;p′,q′(h) := Gh, i.e.,
µp,q;p′,q′(h)(Z) =
[
Z 0
0 h(Z)
]
∀ Z ∈ DIp,q.
Motivated by Kim-Zaitsev [5] and Kim [4], we state a conjecture regarding the rigidity
of proper holomorphic maps between type-I irreducible bounded symmetric domains of
rank ≥ 2, as follows.
Conjecture 1. Let F : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2 and
q′ < p. Suppose (1) p′ < 2p − 1 or (2) q′ < 2q − 1 holds. Then, we have p ≤ p′, q ≤ q′
and F is of diagonal type, i.e., F is equivalent to the map Gh for some holomorphic map
h : DIp,q → DIp′−p,q′−q.
Remark 1.
(1) In Kim-Zaitsev [5, Corollary 1] and Kim [4, Theorem 1.2], Kim and Zaitsev
have solved Conjecture 1 under the additional assumption that the map F extends
smoothly to a neighborhood of a smooth boundary point of DIp,q.
(2) The condition p′ < 2p − 1 or q′ < 2q − 1 is actually necessary. Note that for any
integers p, q, p′ and q′, we have precisely two mutually exclusive cases
(a) p′ < 2p− 1 or q′ < 2q − 1,
(b) p′ ≥ 2p− 1 and q′ ≥ 2q − 1.
For Case (b), we put p′ = 2p−1 and q′ = 2q, Seo [12, Theorem 1.2] has constructed
a family of inequivalent proper holomorphic maps from DIp,q to D
I
2p−1,2q for p ≥ 2,
q ≥ 2, which are not of diagonal type. Actually, it follows from Seo [12] that
if p, q, p′ and q′ are positive integers such that p ≥ 2, q ≥ 2, p′ ≥ 2p − 1 and
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q′ ≥ 2q − 1, then there exists a proper holomorphic map from DIp,q to DIp′,q′ which
is not of diagonal type.
Our main result is a solution to Case (2) of Conjecture 1, as follows.
Theorem 1.1 (Main Theorem). Let f : DIp,q → DIp′,q′ be a proper holomorphic map, where
p, q, p′ and q′ are positive integers such that p ≥ q ≥ 2 and q′ < min{2q − 1, p}. Then, we
have p′ ≥ p and q′ ≥ q. Moreover, f is of diagonal type.
In the proof of Theorem 1.1, the first step is to prove that such a proper holomorphic
map f : DIp,q → DIp′,q′ maps every maximal invariantly geodesic subspace Π ∼= DIp,q−1 of
DIp,q into some maximal invariantly geodesic subspace Π
′ ∼= DIp′,q′−1 of DIp′,q′ . This can
be done by making use of the results of Ng [9] with slight modification. We note that Ng
[9, Section 2.4] has obtained the explicit parameter space Dlq′,p′ of the moduli space of all
invariantly geodesic subspaces biholomorphic toDIp′,q′−l inD
I
p′,q′ , where 1 ≤ l ≤ q′−1. One
of the key ingredients in our proof of Theorem 1.1 is to show that f actually has a global
meromorphic moduli map g from Dq,p into Dq′,p′ by making use of the double fibration
for Dlq′,p′ (see [9, p. 11]). Another major result is to obtain the rigidity of such kind of
meromorphic maps from Dq,p into Dq′,p′ when p ≥ q ≥ 2 and q′ < min{2q − 1, p}. We
could then deduce that f is of diagonal type by using the rigidity of its global meromorphic
moduli map g.
2. Preliminaries
We first recall some results of Mok-Tsai [7] and Tsai [13] on proper holomorphic maps
between bounded symmetric domains.
Proposition 2.1 (cf.Mok-Tsai [7] and Tsai [13]). Let F : D → Ω be a proper holomorphic
map between bounded symmetric domains D and Ω. Then, we have rank(D) ≤ rank(Ω).
From Tsai [13], invariantly geodesic subspaces of DIp,q are equivalent to images of the
standard embeddings from DIr,s to D
I
p,q given by Z 7→
[
0 0
0 Z
]
for some integers 1 ≤ r < p
and 1 ≤ s < q. As in Ng [9], we call such a subspace a (r, s)-subspace of DIp,q.
Proposition 2.2 (cf. Ng [9, Proposition 1.1]). Let F : DIp,q → DIp′,q′ be a proper holomor-
phic map, where rank(DIp,q) = min{p, q} ≥ 2. Then, F maps every (p− 1, q − 1)-subspace
of DIp,q into a (p
′ − 1, q′ − 1)-subspace of DIp′,q′.
Let f : U →M(r, s;C) be a map, where U ⊂ M(p, q;C) is an open subset and p, q are
positive integers. Then, we let fT : U →M(s, r;C) be the map defined by
fT (Z) := (f(Z))T ∀ Z ∈ U ⊂M(p, q;C).
For any subset S ⊂ M(p, q;C), we let S† := {W ∈ M(q, p;C) : W T ∈ S}. It is clear that
(S†)† = S. We also define a map f † : U † ⊂M(q, p;C)→M(s, r;C) by
f †(W ) := fT (W T ) = (f(W T ))T ∀W ∈ U †.
We remark here that (DIp,q)
† = DIq,p and (f
†)† = f . Thus, any holomorphic map F : DIp,q
→ DIp′,q′ induces a holomorphic map F † : DIq,p → DIq′,p′ given by F †(W ) := (F (W T ))T for
W ∈ DIq,p. We have the following basic lemma.
Lemma 2.3. Let f1 : D
I
p,q → DIp′,q′ and f2 : DIp′,q′ → DIr,s be holomorphic maps. Then,
we have (f2 ◦ f1)† = f †2 ◦ f †1 .
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Proof. For any W ∈ DIq,p, we have
(f2 ◦ f1)†(W ) =((f2 ◦ f1)(W T ))T = (f2(f1(W T )))T
=
(
f2
(
(f †1 (W ))
T
))T
= f †2(f
†
1(W )) = (f
†
2 ◦ f †1)(W ),
i.e., (f2 ◦ f1)† = f †2 ◦ f †1 . 
3. Non-existence of proper holomorphic maps revisited
In the study of proper holomorphic maps between type-I irreducible bounded symmetric
domains, we have the following natural question.
Problem 1. Let p, q, p′ and q′ be integers such that 2 ≤ q < q′ ≤ p′ < p. Is there a proper
holomorphic map from DIp,q to D
I
p′,q′? (Noting that rank(D
I
p,q) = q < q
′ = rank(DIp′,q′).)
Remark 2. If q = q′, 2 ≤ q = q′ ≤ p′ and there is a proper holomorphic map F : DIp,q →
DIp′,q, then F is totally geodesic by Tsai [13]. But F induces a totally geodesic embedding
from Bp to DIp′,q, which implies that p ≤ max{p′, q} = p′. In other words, there does not
exist a proper holomorphic map from DIp,q to D
I
p′,q′ if 2 ≤ q = q′ ≤ p′ < p.
Now, we suppose 2 ≤ q < q′ ≤ p′ < p. It is clear that q ≤ p− 2. We also observe that if
q = p− 2, then we have q′ = p′ = p− 1 from the setting so that the question is about the
existence of a proper holomorphic map from DIp,p−2 to D
I
p−1,p−1, where p ≥ 4. But this
has been solved by Tu [14, Corollary 1.2], i.e., there does not exist a proper holomorphic
map from DIp,p−2 to D
I
p−1,p−1 when p ≥ 4. Now, we only need to consider the case of
q < p− 2 so that p ≥ 5, and we may assume that q < p− 2 from now on.
Write p′ := p − l and q′ := p − k − l for some integers k ≥ 0 and l > 0. Here,
we have l := p − p′ and k := p′ − q′. If q ≥ p − k − 2l, then we have a standard
embedding DIp,p−k−2l →֒ DIp,q. This induces a proper holomorphic map from DIp,p−k−2l to
DIp−l,p−k−l. But then from Mok [6, Theorem 3.1], there is a positive integer N
′(k, l) such
that for p ≥ N ′(k, l), there does not exist any proper holomorphic map from DIp,p−k−2l to
DIp−l,p−k−l. Hence, we have
Proposition 3.1 (cf.Mok [6]). Let p and q be integers such that p ≥ q ≥ 2. Let p′ and
q′ be positive integers such that q < q′ ≤ p′ < p. Then, there is a positive integer N ′ such
that for p ≥ N ′ and q ≥ p′+ q′− p, there does not exist any proper holomorphic map from
DIp,q to D
I
p′,q′.
On the other hand, from Ng [9] we can deduce the following.
Proposition 3.2. Let p, q, p′ and q′ be integers such that
2 ≤ q ≤ min{q′, p′} ≤ max{q′, p′} < p.
If 2q − 1 ≥ min{q′, p′}, then there does not exist any proper holomorphic map from DIp,q
to DIp′,q′.
Proof. Assume the contrary that there is a proper holomorphic map f : DIp,q → DIp′,q′ .
Since DIp′,q′
∼= DIq′,p′ , we may assume without loss of generality that q′ ≤ p′ so that
q′ ≤ 2q − 1. This induces a proper holomorphic map F := ι ◦ f : DIp,q → DIp,q′ , where
ι : DIp′,q′ →֒ DIp,q′ is a standard embedding. Since q′ ≤ min{2q − 1, p}, it follows directly
from Ng [9, Theorem 1.3] that F is standard. Thus, f is also standard and thus f induces
a standard embedding from Bp to DIp′,q′ . But then this implies that p ≤ max{p′, q′}, a
plain contradiction. Hence, there does not exist such a proper holomorphic map f . 
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4. Holomorphic double fibrations
In this section, we recall the construction of holomorphic double fibrations introduced
by Ng [9] and its application to the study of proper holomorphic maps between type-
I irreducible bounded symmetric domains. In particular, we will show that all proper
holomorphic maps between certain type-I irreducible bounded symmetric domains are
fibral-image-preserving maps with respect to such holomorphic double fibrations.
Let G(p, q) be the complex Grassmannian of complex p-dimensional linear subspaces of
Cp+q. Then, we may identity DIp,q as an open subset of G(p, q) as
DIp,q = {[Ip, Z]p ∈ G(p, q) : Z ∈ DIp,q}.
Here, [Ip, Z]p ∈ G(p, q) denotes the complex p-dimensional linear subspace of Cp+q spanned
by the row vectors of the matrix
[
Ip, Z
] ∈M(p, p+ q;C). We also identify Z ∈M(p, q;C)
with [Ip, Z]p ∈ G(p, q) in this article. For positive integers p and q, we consider the double
fibration
(4.1) Dp,q
π1p,q←−− Pp−1 ×DIp,q
π2p,q−−→ DIp,q,
where π1p,q([X], [Ip, Z]p) := [X,XZ]p and π
2
p,q is the canonical projection onto D
I
p,q (cf.
[9]). For any [A,B]p ∈ Dp,q we define the fibral image of [A,B]p by
[A,B]♯p := π
2
p,q
(
(π1p,q)
−1([A,B]p)
)
.
Similarly, for any [Ip, Z]p ∈ DIp,q we define the fibral image of [Ip, Z]p by
[Ip, Z]
♯
p := π
1
p,q
(
(π2p,q)
−1([Ip, Z]p)
)
.
Then, it follows from [9, Corollary 2.9] that for any [Ip, Z]p ∈ DIp,q, we have
Z♯ = [Ip, Z]
♯
p = {[A,AZ]p ∈ Dp,q : [A] ∈ Pp−1} ∼= Pp−1.
More generally, Ng [9] has introduced the double fibration
(4.2) Pp+q−1 ∼= G(1, p + q − 1) πˆ
1
p,q←−− F1,pp+q
πˆ2p,q−−→ G(p, q),
where F1,pp+q := {(J,K) ∈ G(1, p+q−1)×G(p, q) : J ⊂ K}, πˆ1p,q(J,K) = J and πˆ2p,q(J,K) =
K. Consider the open subset D1,pp,q ⊂ F1,pp+q defined by
D1,pp,q := {(J,K) ∈ F1,pp+q : Hp,q|K > 0},
where Hp,q is the standard nondegenerate Hermitian form of signature (p, q) on C
p+q, i.e.,
p eigenvalues of Hp,q are 1 and the other q eigenvalues are −1. Note that Ng [9, Proposition
2.7] has proven that
D1,pp,q ∼= Pp−1 ×DIp,q
and the restriction of the double fibration (4.2) to D1,pp,q yields the double fibration (4.1).
We first state a lemma obtained in Ng [9].
Lemma 4.1 (cf. Ng [9]). Let F : DIp,q → DIp′,q′ be a holomorphic map, where p, q, p′ and q′
are positive integers such that p ≥ 2 and p′ ≥ 2. Then, F maps every (p − 1, q)-subspace
of DIp,q into a (p
′ − 1, q′)-subspace of DIp′,q′ if and only if F is a fibral-image-preserving
holomorphic map with respect to the double fibrations
Dp,q
π1p,q←−− Pp−1 ×DIp,q
π2p,q−−→ DIp,q,
Dp′,q′
π1
p′,q′←−−− Pp′−1 ×DIp′,q′
π2
p′,q′−−−→ DIp′,q′ ,
i.e., for any [A,B]p ∈ Dp,q, we have F ([A,B]♯p) ⊂ [C,D]♯p′ for some [C,D]p′ ∈ Dp′,q′.
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Proof. Suppose F maps every (p − 1, q)-subspace of DIp,q into a (p′ − 1, q′)-subspace of
DIp′,q′ . For any [A,B]p ∈ Dp,q we have
[A,B]♯p = π
2
p,q
(
(π1p,q)
−1([A,B]p)
)
= {[Ip, Z]p ∈ DIp,q : AZ = B}
by [9, p. 12]. From Ng [9], for any [A,B]p ∈ Dp,q, the fibral image
[A,B]♯p = {[Ip, Z]p ∈ DIp,q : AZ = B}
is a (p−1, q)-subspace of DIp,q. Similarly, for any [C,D]p′ ∈ Dp′,q′ , the fibral image [C,D]♯p′
is a (p′ − 1, q′)-subspace of DIp′,q′ . From the assumption, for any [A,B]p ∈ Dp,q we have
F ([A,B]♯p) ⊂ [C,D]♯p′ for some [C,D]p′ ∈ Dp′,q′ .
Conversely, suppose F is a fibral-image-preserving holomorphic map with respect to
the given holomorphic double fibrations. Note that any (r − 1, s)-subspace of DIr,s can
be identified as a fibral image [A,B]♯r for some [A,B] ∈ Dr,s, where r ≥ 2 and s ≥ 1
are integers. Thus, the fibral-image-preserving holomorphic map F actually maps every
(p− 1, q)-subspace of DIp,q into a (p′ − 1, q′)-subspace of DIp′,q′ , as desired. 
Let F : DIp,q → DIp′,q′ be a fibral-image-preserving holomorphic map with respect to the
double fibrations
Dp,q
π1p,q←−− Pp−1 ×DIp,q
π2p,q−−→ DIp,q,
Dp′,q′
π1
p′,q′←−−− Pp′−1 ×DIp′,q′
π2
p′,q′−−−→ DIp′,q′ .
Then, a holomorphic map g : U → Dp′,q′ , where U ⊂ Dp,q is an open subset, is called a
local moduli map of F if and only if
F ([A,B]♯p) ⊂ g([A,B]p)♯
for all [A,B]p ∈ U ⊂ Dp,q.
Now, we look for properties of the maps Gh. Let p, q, p
′ and q′ be integers such that
p′ > p ≥ 2 and q′ > q ≥ 2. Recall that Gh : DIp,q → DIp′,q′ is the proper holomorphic map
defined by
Gh(Z) =
[
Z 0
0 h(Z)
]
,
where h : DIp,q → DIp′−p,q′−q is a holomorphic map. We observe that Gh maps every
(p − 1, q)-subspace of DIp,q into a (p′ − 1, q′)-subspace of DIp′,q′ , and Gh also maps every
(p, q − 1)-subspace of DIp,q into a (p′, q′ − 1)-subspace of DIp′,q′ . By definition, the map
(Gh)
† : DIq,p → DIq′,p′ is given by (Gh)†(W ) = (Gh(W T ))T for W ∈ DIq,p. Then, for any
W ∈ DIq,p we have
(Gh)
†(W ) =
[
W 0
0 (h(W T ))T
]
=
[
W 0
0 h†(W )
]
,
i.e., (Gh)
† = Gh† .
In addition, we have the following simple observation. Let p, q, p′ and q′ be integers
such that p′ > p ≥ 2 and q′ > q ≥ 2. We let h : DIp,q → DIp′−p,q′−q be a holomorphic map.
We can also define proper holomorphic maps from DIp,q to D
I
p′,q′ by
Z 7→
[
0 h(Z)
Z 0
]
, Z 7→
[
h(Z) 0
0 Z
]
, Z 7→
[
0 Z
h(Z) 0
]
for Z ∈ DIp,q. We observe that each of the above maps is equivalent to Ghˆ for some
holomorphic map hˆ : DIp,q → DIp′−p,q′−q, i.e., all of the above maps are of diagonal type as
well.
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The following basic lemma explains the reason why the study of holomorphic maps
F : DIp,q → DIp′,q′ is the same as that of holomorphic maps F † : DIq,p → DIq′,p′ .
Lemma 4.2. Let f : DIp,q → DIp′,q′ be a holomorphic map. Suppose that f † : DIq,p → DIq′,p′
is equivalent to the map Gh for some holomorphic map h : D
I
q,p →M(q′− q, p′−p). Then,
f is equivalent to the map Gh† . In other words, f is of diagonal type if and only if f
† is
of diagonal type. Actually, for any holomorphic maps F,G : DIp,q → DIp′,q′ we have
F ∼ G ⇐⇒ F † ∼ G†.
Proof. From the assumption, we have
Φ ◦ (f † ◦ ϕ) = Gh
for some Φ ∈ Aut(DIq′,p′) and ϕ ∈ Aut(DIq,p). Then, we have
Φ† ◦ (f ◦ ϕ†) = Φ† ◦ (f † ◦ ϕ)† = (Φ ◦ (f † ◦ ϕ))† = (Gh)†
by Lemma 2.3 and (f †)† = f . In particular, we have
Φ† ◦ (f ◦ ϕ†) = Gh†
by the fact that (Gh)
† = Gh† . Note that Φ
† ∈ Aut(DIp′,q′) and ϕ† ∈ Aut(DIp,q). Thus, we
have shown that f is equivalent to Gh† . In other words, if f
† is of diagonal type, then so is
f . Since (f †)† = f , we also obtain that if f = (f †)† is of diagonal type, then so is f †. By
the above arguments, it follows readily that for any holomorphic maps F,G : DIp,q → DIp′,q′
we have
F ∼ G ⇐⇒ F † ∼ G†.

We recall a result of Ng [9] that is useful for our study.
Theorem 4.3 (cf. Ng [9, Theorem 5.3]). Let F : DIr,s → DIr′,s′ be a proper holomorphic
map, where r ≥ r′ ≥ 2. Suppose that F maps every (r − 1, s)-subspace of DIr,s into a
(r′− 1, s′)-subspace of DIr′,s′. If F (DIr,s) is not contained in a single (r′− 1, s′)-subspace of
DIr′,s′, then we have r = r
′, s ≤ s′ and F is the standard embedding, i.e., F is equivalent
to the linear map Z 7→ [Z, 0] for Z ∈ DIr,s.
Applying the above results from Ng [9] and analogous arguments in Ng [9, Proof of
Proposition 5.5], we have
Proposition 4.4. Let f : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2 and
q′ < p. Then, f maps every (p, q−1)-subspace of DIp,q into a (p′, q′−1)-subspace of DIp′,q′.
In particular, defining the map f † : DIq,p → DIq′,p′ by f †(Z) = (f(ZT ))T for Z ∈ DIq,p, f † is
a proper holomorphic map which maps every (q − 1, p)-subspace of DIq,p into a (q′ − 1, p′)-
subspace of DIq′,p′. Moreover, we have q ≤ q′. If in addition that q′ ≤ 2q − 1, then p ≤ p′.
In particular, if q′ = q + 1 so that q + 1 = q′ ≤ 2q − 1 by q ≥ 2, then p ≤ p′.
Proof. From Proposition 2.1 we have rank(DIp′,q′) = min{p′, q′} ≥ q = rank(DIp,q) ≥ 2 so
that p′ ≥ q ≥ 2 and q′ ≥ q ≥ 2. Let Xp,q−1 ⊂ DIp,q be an arbitrary (p, q − 1)-subspace.
Then, for any (p− 1, q− 1)-subspace X ′p−1,q−1 ⊂ Xp,q−1, we have f(X ′p−1,q−1) ⊂ Y ′p′−1,q′−1
for some (p′ − 1, q′ − 1)-subspace Y ′p′−1,q′−1 ⊂ DIp′,q′ by Proposition 2.2. Thus, we have
f(X ′p−1,q−1) ⊂ Y ′p′−1,q′−1 ⊂ Yp′,q′−1 ⊂ DIp′,q′
for some (p′, q′ − 1)-subspace Yp′,q′−1 of DIp′,q′ . This induces a proper holomorphic map
f |Xp,q−1 : Xp,q−1 ∼= DIp,q−1 → DIp′,q′
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which maps every (p− 1, q − 1)-subspace of Xp,q−1 ∼= DIp,q−1 into a (p′, q′ − 1)-subspace of
DIp′,q′ . We thus get a proper holomorphic map
(f |Xp,q−1)T : Xp,q−1 ∼= DIp,q−1 → DIq′,p′
which maps every (p− 1, q − 1)-subspace of Xp,q−1 ∼= DIp,q−1 into a (q′ − 1, p′)-subspace of
DIq′,p′ . Since p > q
′, it follows from Ng [9, Theorem 5.3] (i.e., Theorem 4.3) that
fT (Xp,q−1) ⊂ Yq′−1,p′
for some (q′−1, p′)-subspace Yq′−1,p′ of DIq′,p′, i.e., f(Xp,q−1) ⊂ Zp′,q′−1 for some (p′, q′−1)-
subspace Zp′,q′−1 of D
I
p′,q′ . This shows that f maps every (p, q−1)-subspace of DIp,q into a
(p′, q′ − 1)-subspace of DIp′,q′ . Defining f † as in the statement of Proposition 4.4, we then
get the desired result for f †.
Suppose q′ ≤ 2q − 1. We are going to prove that p ≤ p′. Assume the contrary that
p′ < p. By composing f with a standard embedding ι : DIp′,q′ →֒ DIp,q′ , we have a proper
holomorphic map ι ◦ f : DIp,q → DIp,q′. Since q′ < p, we have q′ ≤ min{2q − 1, p}. Then,
it follows from Ng [9, Theorem 1.3] that ι ◦ f is standard, and so is f . But then f would
induce a standard embedding from Bp to DIp′,q′ so that p ≤ max{p′, q′}, which contradicts
with the assumption that p′ < p and q′ < p. Hence, we have p′ ≥ p.
Since q ≥ 2, if q′ = q + 1, then q′ ≤ 2q − 1 and we still have p′ ≤ p by the above
conclusion. 
As a consequence of Proposition 4.4 and the known results from [13, 9], we have
Proposition 4.5. Let f : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2
and q′ < min{p, 2q − 1}. Then, we have
(1) q ≤ q′, p ≤ p′ and f maps every (p, q−1)-subspace of DIp,q into a (p′, q′−1)-subspace
of DIp′,q′.
(2) If q = q′ or p = p′, then f is standard. In particular, if f is nonstandard, then we
have q < q′ and p < p′.
Proof. Part (1) follows directly from Proposition 4.4. For Part (2), we first consider the
case of q = q′. Since rank(DIp,q) = q = q
′ ≥ rank(DIp′,q′) and q ≥ 2, it follows from Tsai
[13, Main Theorem] that f is standard. Now, if p = p′, then f : DIp,q → DIp,q′ is a proper
holomorphic map with p ≥ q ≥ 2 and q′ < min{p, 2q − 1} and thus f is standard by Ng
[9, Theorem 1.3]. The proof is complete. 
Concerning [10, Conjecture 3.10], it is natural to raise the following question.
Problem 2. Let F : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2.
Suppose p ≤ min{p′, q′}. Does F still map every (p, q−1)-subspace (or (p−1, q)-subspace)
into a (p′, q′ − 1)-subspace (or a (p′ − 1, q′)-subspace)?
Remark 3. Note that [10, Conjecture 3.10] holds for proper holomorphic maps F : DIp,q →
DIp′,q′ with p ≥ q ≥ 2 and q′ < p (see Proposition 4.4). That is the reason why we would
like to consider the case where min{p′, q′} ≥ p in order to solve [10, Conjecture 3.10]
completely for all proper holomorphic maps between type-I irreducible bounded symmetric
domains.
In [9], Ng has proven the following.
Proposition 4.6 (cf. Ng [9, Proposition 2.15]). Let F : DIp,q → DIp′,q′ be a fibral-image-
preserving holomorphic map with respect to the double fibrations
Dp,q
π1p,q←−− Pp−1 ×DIp,q
π2p,q−−→ DIp,q,
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Dp′,q′
π1
p′,q′←−−− Pp′−1 ×DIp′,q′
π2
p′,q′−−−→ DIp′,q′ .
Then, F has a local moduli map.
Then, by Proposition 4.6 and Proposition 4.4 we have
Proposition 4.7. Let f : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2
and q′ < p. Let f † : DIq,p → DIq′,p′ be the proper holomorphic map defined by f †(Z)
:= (f(ZT ))T for Z ∈ DIq,p. Then, f † is a fibral-image-preserving holomorphic map with
respect to the double fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ .
In particular, f † has a local moduli map g : U ⊂ Dq,p → Dq′,p′ such that g is holomorphic,
where U ⊂ Dq,p is a connected open subset.
Proof. By Proposition 4.4, f † is a proper holomorphic map which maps every (q − 1, p)-
subspace of DIq,p into a (q
′ − 1, p′)-subspace of DIq′,p′. Then, Lemma 4.1 asserts that f †
is a fibral-image-preserving holomorphic map with respect to the given double fibrations.
The result then follows from Proposition 4.6. 
5. On proper holomorphic maps between generalized complex balls
In this section, we recall some rigidity results for proper holomorphic maps between
generalized complex balls obtained from [2, 1, 8]. In [2], Baouendi and Huang have obtained
the following rigidity theorem for proper holomorphic maps between certain generalized
complex balls.
Theorem 5.1 (cf. Baouendi-Huang [2, Theorems 1.1 and 1.4]). Let p ∈ ∂Dr,s and Up be
a neighborhood of p in Pr+s−1 with Up ∩Dr,s connected. Let F : Up ∩Dr,s → Dr′,s′ be a
holomorphic map. Suppose that for any sequence {Zj}+∞j=1 ⊂ Up ∩ Dr,s with limj→+∞Zj
∈ ∂Dr,s, all the limit points of the sequence {F (Zj)}+∞j=1 lie in ∂Dr′,s′. If (1) r′ ≥ r ≥ 2
and s = s′ ≥ 2 or (2) s′ ≥ s ≥ 2 and r = r′ ≥ 2, then F extends to a totally geodesic
embedding from Dr,s to Dr′,s′ and F is linear, i.e., F is equivalent to the map
[z1, . . . , zr; zr+1, . . . , zr+s]r 7→ [z1, . . . , zr,0r′−r; zr+1, . . . , zr+s,0s′−s]r′ .
In addition, the rigidity results in [1] for rational proper maps between generalized
complex balls are actually applicable to our study of proper holomorphic maps between
type-I bounded symmetric domains. Now, we are going to reinterpret these results in [1].
Let F : Dq,p 99K Dq′,p′ be a rational proper map, where 2 ≤ q ≤ p, 2 ≤ q′ ≤ p′,
q′ < p and q′ < 2q − 1. (Noting that F is only defined on a certain dense open subset
U of Dq,p.) In what follows, for any rational proper map f : Dr,s 99K Dr′,s′ , we write
f : U ′ ⊂ Dr,s → Dr′,s′ to indicate that U ′ ⊂ Dr,s is the domain of the map f in Dr,s.
Actually, such a map f extends to a rational map from Pr+s−1 to Pr
′+s′−1. Then, there is
a point b ∈ ∂Dq,p and an open neighborhood U of b in Pq+p−1 such that
F (U ∩Dq,p) ⊂ Dq′,p′, F (U ∩ ∂Dq,p) ⊂ ∂Dq′,p′ .
For integers l and n such that 0 ≤ l ≤ n− 1, we define the generalized Siegel upper-half
space by
S
n
l :=
(z1, . . . , zn−1, w) ∈ Cn : Imw > −
l∑
j=1
|zj |2 +
n−1∑
j=l+1
|zj |2

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and its boundary is given by
H
n
l :=
(z1, . . . , zn−1, w) ∈ Cn : Imw = −
l∑
j=1
|zj |2 +
n−1∑
j=l+1
|zj |2
 .
Note that from Baouendi-Huang [2, p. 380], Aut(Dq,p) acts transitively on the boundary
∂Dq,p. Thus, from Baouendi-Ebenfelt-Huang [1] there is a holomorphic map Ψ : C
q+p−1 →
Pq+p−1 such that Ψ maps Hq+p−1q−1 biholomorphically to
∂Dq,p r {[z1, . . . , zp+q] ∈ Pp+q−1 : z1 + zp+q = 0}
and maps Sq+p−1q−1 biholomorphically to
Dq,p r {[z1, . . . , zp+q] ∈ Pp+q−1 : z1 + zp+q = 0}
such that 0 ∈ Hq+p−1q−1 is mapped to b = Ψ(0) ∈ ∂Dq,p. We may assume without loss of
generality that b = [
√−1, 0, . . . , 0,√−1] and we define
Ψ(z, w) = [
√−1 + w, 2z,√−1− w].
Similarly, there is a holomorphic map Φ : Cq
′+p′−1 → Pq′+p′−1 which maps Hq′+p′−1q′−1
biholomorphically to
∂Dq′,p′ r {[z1, . . . , zp′+q′ ] ∈ Pp′+q′−1 : z1 + zp′+q′ = 0}
and maps Sq
′+p′−1
q′−1 biholomorphically to
Dq′,p′ r {[z1, . . . , zp′+q′ ] ∈ Pp′+q′−1 : z1 + zp′+q′ = 0}
such that F (b) = Φ(0). Here, we may also assume F (b) = [
√−1, 0,. . .,0,√−1] and we let
Φ(z′, w′) = [
√−1 + w′, 2z′,√−1− w′].
We identify U ∩Dq,p with U˜ ∩ Sq+p−1q−1 for some open neighborhood U˜ of 0, and F |U∩Dq,p
is equivalent to F˜ : U˜ ∩ Sq+p−1q−1 → Sq
′+p′−1
q′−1 with
F˜ (ζ, w) = (f˜(ζ, w), g(ζ, w)),
where ζ = (ζ1, . . . , ζq+p−2) and F˜ is defined on U˜ ∩ Sq+p−1q−1 with Φ ◦ F˜ = F ◦ Ψ|U˜∩Sq+p−1q−1 .
Here, g : U˜ ∩ Sq+p−1q−1 → C. In particular, Φ(F˜ (0)) = F (b) so that F˜ (0) = 0. We refer the
readers to Baouendi-Ebenfelt-Huang [1, Sections 2 and 3] for details about such mappings
which map some open subset of Hnl into H
N
l′ . For (z1, . . . , zn−1, w) ∈ Cn, we also write
(z1, . . . , zn−1, w) = (z1, . . . , zl; zl+1, . . . , zn−1, w)l
for convenience. Then, from Baouendi-Ebenfelt-Huang [1, Theorems 1.1 and 1.3] and [1,
Proof of Theorem 1.1 (a), p. 1656], we have the following possibilities.
(1) ∂g
∂w
(0) > 0 and thus F˜ (z, w) is equivalent to the map
(ζ, w) 7→ (ζ1, . . . , ζq−1, ψ(ζ, w); ζq , . . . , ζp+q−2, ψ(ζ, w),0, w)q′−1,
where ψ = (ψ1, . . . , ψq′−q) if q
′ − q ≤ p′ − p, or
(ζ, w) 7→ (ζ1, . . . , ζq−1, φ(ζ, w),0; ζq , . . . , ζp+q−2, φ(ζ, w), w)q′−1,
where φ = (φ1, . . . , φp′−p) if q
′ − q ≥ p′ − p.
(2) g ≡ 0.
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For [z1, . . . , zp+q] ∈ Pp+q−1 such that z1 + zp+q 6= 0, we can write
[z1, . . . , zp+q]
=
[
2
√−1
z1 + zp+q
z1, . . . ,
2
√−1
z1 + zp+q
zp+q
]
=
[√−1 + √−1(z1 − zp+q)
z1 + zp+q
,
2
√−1
z1 + zp+q
z′,
√−1−
√−1(z1 − zp+q)
z1 + zp+q
]
,
where z′ := (z2, . . . , zp+q−1). We have a map
Ψ−1 : Pp+q−1 r {[z1, . . . , zp+q] ∈ Pp+q−1 : z1 + zp+q = 0} → Cn
given by
Ψ−1([z1, . . . , zp+q]) :=
( √−1z2
z1 + zp+q
, . . . ,
√−1zp+q−1
z1 + zp+q
,
√−1(z1 − zp+q)
z1 + zp+q
)
which maps Dq,p r {[z1, . . . , zp+q] ∈ Pp+q−1 : z1 + zp+q = 0} into Sp+q−1q−1 . By making use
of the above transformation, we have
F |U∩Dq,p = Φ ◦ F˜ ◦Ψ−1|U∩Dq,p
and Case (1) in the above would imply that F |U∩Dq,p is equivalent to the map
[z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z); zq+1, . . . , zp+q, φ(z),0]q′ ,
(resp. [z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z),0; zq+1, . . . , zp+q, φ(z)]q′ ) if q′−q ≤ p′−p (resp. q′−q
≥ p′ − p), where φ = (φ1, . . . , φmin{p′−p,q′−q}) and z = (z1, . . . , zp+q). In this case, F is
actually equivalent to the map
[z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z); zq+1, . . . , zp+q, φ(z),0]q′ ,
(resp. [z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z),0; zq+1, . . . , zp+q, φ(z)]q′ ) if q′−q ≤ p′−p (resp. q′−q
≥ p′ − p) by the identity theorem for meromorphic maps.
Case (2) in the above implies that the image of F |U∩Dq,p actually lies inside a hyperplane
of Pq
′+p′−1, and so is the image of F by the identity theorem for meromorphic maps.
In conclusion, by reinterpreting Theorems 1.1 and 1.3 in Baouendi-Ebenfelt-Huang [1],
we have the following result for rational proper maps between certain generalized complex
balls.
Theorem 5.2 (cf. Baouendi-Ebenfelt-Huang [1]). Let p, q, p′ and q′ be positive integers
such that 2 ≤ q ≤ p, 2 ≤ q′ ≤ p′, q′ < p and q′ < 2q − 1. Let F : U ⊂ Dq,p → Dq′,p′ be a
rational proper map, where U is the largest open subset of Dq,p such that F is well-defined.
Then, we have the following possibilities.
(1) F is equivalent to the map
[z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z); zq+1, . . . , zp+q, φ(z),0]q′ ,
(resp. [z1, . . . , zp+q] 7→ [z1, . . . , zq, φ(z),0; zq+1, . . . , zp+q, φ(z)]q′ ) if q′ − q ≤ p′ − p
(resp. q′−q ≥ p′−p), where φ = (φ1, . . . , φmin{p′−p,q′−q}) such that φj(z) = pj(z)qj(z) for
some homogeneous polynomials pj(z) and qj(z) in z = (z1, . . . , zp+q) with deg pj =
deg qj + 1, 1 ≤ j ≤ min{p′ − p, q′ − q},
(2) F (U) lies inside a hyperplane of Pq
′+p′−1.
On the other hand, Ng [8] obtained the following rigidity theorem for proper holomorphic
maps between certain generalized complex balls.
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Theorem 5.3 (cf. Ng [8, Main Theorem]). Let f : Dr,s → Dr′,s′ be a proper holomorphic
map, where 2 ≤ r ≤ s, 2 ≤ r′ ≤ s′ and r′ < 2r− 1. Then, f extends to a linear embedding
from Pr+s−1 into Pr
′+s′−1, and thus f is equivalent to the map
Dr,s ∋ [z1, . . . , zr, w1, . . . , ws] 7→ [z1, . . . , zr,0;w1, . . . , ws,0]r′ ∈ Dr′,s′,
r ≤ r′ and s ≤ s′.
We also have the following rigidity result from Gao-Ng [3] and Baouendi-Huang [2] for
degree-one rational proper maps between generalized complex balls.
Proposition 5.4. Let g : U ⊂ Dr,s → Dr′,s′ be a rational proper map. Suppose deg(g) = 1
as a rational map from Pr+s−1 to Pr
′+s′−1. Then, r ≤ r′, s ≤ s′ and g is actually a linear
embedding and g is equivalent to the map g˜ given by
Dr,s ∋ [z1, . . . , zr, w1, . . . , ws] 7→ [z1, . . . , zr,0;w1, . . . , ws,0]r′ ∈ Dr′,s′,
i.e., g = Ψ ◦ g˜ ◦ ψ for some ψ ∈ Aut(Dr,s) and Ψ ∈ Aut(Dr′,s′).
Proof. Since deg(g) = 1, we may write
g = [g1, . . . , gr′ ; gr′+1, . . . , gr′+s′ ]r′
such that gj(z, w) is a homogeneous polynomial of degree one in (z, w) ∈ Cr+s for 1 ≤ j
≤ r′ + s′. By Gao-Ng [3, Propositions 3.1 and 3.2] we have
r′∑
j=1
|gj |2 −
s′∑
l=1
|gr′+l|2 = C
 r∑
j=1
|zj |2 −
s∑
l=1
|wl|2

for [z1, . . . , zr, w1, . . . , ws] in the domain of g, where C is a positive real constant. We may
assume C = 1 without loss of generality. Then, by Gao-Ng [3, Lemma 3.3] we have r ≤ r′,
s ≤ s′ and
(g1, . . . , gr′+s′) = (z1, . . . , zr, w1, . . . , ws)W
T
up to an automorphism of Dr,s, for some W ∈M(r′+ s′, r+ s;C) such that WT Ir′,s′W =
Ir,s, where Im,n :=
[
Im 0
0 −In
]
∈M(m+n,m+n;C) for positive integers m and n. Write
W T =
[
W ′
W ′′
]
for W ′ ∈ M(r, r′ + s′;C) and W ′′ ∈ M(s, r′ + s′;C). By the arguments of
Baouendi-Huang [2, pp. 385–386] and the fact that W
T
Ir′,s′W = Ir,s, there exist matrices
V ′ ∈M(r′ − r, r′ + s′;C) and V ′′ ∈M(s′ − s, r′ + s′;C) such that the square matrix
M :=

W ′
V ′
W ′′
V ′′
 ∈M(r′ + s′, r′ + s′;C)
is invertible and satisfies MIr′,s′M
T
= Ir′,s′ . In particular, the map
Dr′,s′ ∋ [ξ1, . . . , ξr′+s′ ] 7→ [(ξ1, . . . , ξr′+s′)M ] ∈ Dr′,s′
is an automorphism of Dr′,s′ . Moreover, up to an automorphism of Dr,s we have
(g1, . . . , gr′+s′) =(z1, . . . , zr, w1, . . . , ws)W
T
=(z1, . . . , zr,0;w1, . . . , ws,0)r′M,
where any (z1, . . . , zr′+s′) ∈ Cr′+s′ is written as
(z1, . . . , zr′+s′) = (z1, . . . , zr′ ; zr′+1, . . . , zr′+s′)r′ .

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6. Fibral-image-preserving maps and moduli maps
Let F : DIq,p → DIq′,p′ be a proper holomorphic map, where p ≥ q ≥ 2 and q′ < p.
By Proposition 4.7, there is a local moduli map g : U ⊂ Dq,p → Dq′,p′ of F , where
U ⊂ Dq,p is a connected open subset. Write g([A,B]q) := [g1([A,B]q), g2([A,B]q)]q′ . For
any [A,B]q ∈ U ⊂ Dq,p and Z ∈ [A,B]♯q, we have AZ = B. Therefore, F ([A,AZ]♯q) ⊂
g([A,AZ]q)
♯ so that
g1([A,AZ]q)F (Z) = g2([A,AZ]q)
for all [A] ∈ Pq−1 and all Z ∈ DIq,p such that [A,AZ]q ∈ U (cf. Seo [11, p. 443]). Then, we
have the following basic fact.
Lemma 6.1. Let F be as defined in the above. Suppose F has a moduli map g : Dq,p
→ Dq′,p′ given by g([A,B]q) = [A,0;B,0]q′ so that q′ ≥ q ≥ 2 and p′ ≥ p ≥ 2, where
A = (a1, . . . , aq) and B = (b1, . . . , bp) with [a1, . . . , aq, b1, . . . , bp] ∈ Dq,p ⊂ Pq+p−1. Then,
we have
F (Z) =
[
Z 0
0 F22(Z)
]
for some holomorphic map F22 : D
I
q,p → DIq′−q,p′−p when p′ > p and q′ > q, i.e., F is of
diagonal type.
In other words, when p′ > p ≥ 2 and q′ > q ≥ 2, the map g : Dq,p → Dq′,p′ given by
g([A,B]q) = [A,0;B,0]q′ is a moduli map of all holomorphic maps Gh : D
I
q,p → DIq′,p′
defined by Gh(Z) :=
[
Z 0
0 h(Z)
]
, where h : DIq,p → DIq′−q,p′−p are holomorphic maps.
Proof. From the assumption, g is actually a linear embedding from Pq+p−1 to Pq
′+p′−1
which maps Dq,p into Dq′,p′ . Writing
F (Z) =
[
F11(Z) F12(Z)
F21(Z) F22(Z)
]
,
it follows from g1([A,AZ]q)F (Z) = g2([A,AZ]q) that
AF11(Z) = AZ, AF12(Z) = 0
for all [A] ∈ Pq−1 and all Z ∈ DIq,p. We can take [Aj ] ∈ Pq−1, 1 ≤ j ≤ q, so that A1, . . . , Aq
are C-linearly independent. Letting M be the q-by-q matrix with row vectors A1, . . . , Aq,
M is invertible, MF11(Z) = MZ and MF12(Z) = 0 so that F11(Z) = Z and F12(Z) ≡ 0.
This implies that
F (Z) =
[
Z 0
F21(Z) F22(Z)
]
.
We can then deduce from the maximum principle and the homogeneity of the domains
that F21(Z) ≡ 0 (cf. [9, 11]). Hence, we have
F (Z) =
[
Z 0
0 F22(Z)
]
.
Since F : DIq,p → DIq′,p′ is a proper holomorphic map, the matrix
Ip′ − F (Z)TF (Z) =
[
Ip − ZTZ 0
0 Ip′−p − F22(Z)TF22(Z)
]
is positive definite and so is Ip′−p − F22(Z)TF22(Z) when p′ > p and q′ > q. Thus, F22 is
a holomorphic map from DIq,p to D
I
q′−q,p′−p.
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Now, we have g1([A,AZ]q) = [A,0] and g2([A,AZ]q) = [AZ,0] so that
g1([A,AZ]q)Gh(Z) = [A,0]
[
Z 0
0 h(Z)
]
= [AZ,0] = g2([A,AZ]q)
for any [A] ∈ Pq−1 and Z ∈ DIq,p. Recall that for any Z ∈ DIq,p we have
Z♯ = {[A,AZ]q ∈ Dq,p : [A] ∈ Pq−1}
and
(Gh(Z))
♯ = {[A′, A′Gh(Z)]q′ ∈ Dq′,p′ : [A′] ∈ Pq′−1}.
In other words, g(Z♯) ⊂ (Gh(Z))♯ for any Z ∈ DIq,p, i.e., each Gh is a moduli map of g.
Thus, g is a moduli map of Gh’s by Ng [9, Proposition 2.3]. 
We now state an important result of Ng-Tu-Yin [10] that is a key tool in our study.
Proposition 6.2 (cf. Ng-Tu-Yin [10, Proposition 3.9]). Let f : DIp,q → DIp′,q′ be a proper
holomorphic map that maps every (p− 1, q)-subspace of DIp,q into a (p′− 1, q′)-subspace of
DIp′,q′, where p, q ≥ 2. Suppose f maps a general (p − 1, q)-subspace of DIp,q into a unique
(p′ − 1, q′)-subspace of DIp′,q′. Then, f induces a rational map g˜ : Dp,q 99K Dp′,q′ such that
f([A,B]♯p) ⊂ g˜([A,B]p)♯ for a general point [A,B]p ∈ Dp,q. If in addition that q ≥ p′ ≥ 3,
then g˜ is a rational proper map.
Proof. Define
W :=
{
[A,B]p ∈ Dp,q :
f([A,B]♯p) is contained in a unique
(p′ − 1, q′)-subspace of DIp′,q′
}
,
which is a dense open subset of Dp,q such that W = Dp,q r V for some proper complex-
analytic subvariety V ⊂ Dp,q from the assumption. In particular, W ⊂ Dp,q is open.
From the settings, f : DIp,q → DIp′,q′ is a fibral-image-preserving map such that for any
[A,B]p ∈ W , f([A,B]♯p) is contained in a unique fibral image in DIp′,q′ . Then, f has local
(holomorphic) moduli maps which are defined around every point x ∈ W ⊂ Dp,q by [9,
Proposition 2.15]. More precisely, for any point x0 ∈ W , there is an open neighborhood
Ux0 of x0 in Dp,q and a local moduli map gx0 : Ux0 ⊂ Dp,q → Dp′,q′ of f . If gj : Uj ⊂
Dp,q → Dp′,q′ , j = 1, 2, are local moduli maps for f such that Uj ⊆W is a connected open
subset, j = 1, 2, with U1 ∩ U2 6= ∅, then for any x ∈ U1 ∩ U2 ⊂ W , f(x♯) ⊂ gj(x)♯ for
j = 1, 2. Since f(x♯) is contained in a unique (p′ − 1, q′)-subspace for all x ∈W , we have
g1|U1∩U2 ≡ g2|U1∩U2
(cf. [9, Corollary 2.5]). This shows that we have a local (holomorphic) moduli map g :
U1 ∪ U2 ⊂ Dp,q → Dp′,q′ for f such that g|Uj = gj , j = 1, 2. Therefore, putting all these
local moduli maps together, we have a holomorphic map g˜ : W = Dp,q r V → Dp′,q′ such
that g˜ is a moduli map for f , i.e.,
f([A,B]♯p) ⊆ g˜([A,B]p)♯
for all [A,B]p ∈ W . As in Ng [9, Proof of Theorem 1.3], the map g˜ : W → Dp′,q′ actually
extends to a meromorphic map from Dp,q to Dp′,q′ , still denoted by g˜, and it extends to a
rational map gˆ from Pp+q−1 to Pp
′+q′−1 by using Hartogs-type extension theorem.
It remains to show that g˜ is proper for the first assertion under the assumption that
q > p′ ≥ 3. Denote by I the set of indeterminacy of gˆ. Assume the contrary that g˜ is not
proper, i.e., there exists x0 ∈ ∂Dp,q r I such that gˆ(x0) ∈ Dp′,q′ . In what follows we will
make use of the double fibration (4.2)
P
p+q−1 πˆ
1
p,q←−− F1,pp+q
πˆ2p,q−−→ G(p, q)
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as in [9, Proof of Theorem 1.3]. For any x ∈ G(p, q) we also write x♯ := πˆ1p,q((πˆ2p,q)−1(x)).
Similarly, for any y ∈ Pp+q−1 we write y♯ := πˆ2p,q((πˆ1p,q)−1(y)). Then, the arguments in [9,
Proof of Theorem 1.3] show that there is a one-parameter family of (p−1, q−1)-subspaces
λ(t) ⊂ G(p, q), 1 − ε ≤ t ≤ 1, such that λ(1) ∩ ∂DIp,q = x♯0 ∩ ∂DIp,q ⊂ ∂DIp,q, and f maps
the (p− 1, q − 1)-subspaces λ(t) ∩DIp,q, 1− ε ≤ t < 1, into some (p′ − 2, q′ − 1)-subspaces
of DIp′,q′ , where ε > 0. Actually, by the same arguments, for any one-parameter family
of (p − 1, q − 1)-subspaces Xp−1,q−1(t) ⊂ G(p, q), 1 − ε ≤ t ≤ 1, such that Xp−1,q−1(1) ∩
∂DIp,q = x
♯
0 ∩ ∂DIp,q ⊂ ∂DIp,q and Xp−1,q−1(t) ⊂ (γ(t))♯ for all t, we can deduce that
f(Xp−1,q−1(t)∩DIp,q) lies in some (p′− 2, q′− 1)-subspaces of DIp′,q′ , where γ(t) ⊂ Dp,qr I
is a real curve.
Under the assumptions of Proposition 6.2, we have
Lemma 6.3. Suppose q ≥ p′ ≥ 3. Let Xp−1,q be a (p − 1, q)-subspace of DIp,q such that
f(Xp−1,q) lies in a unique (p
′ − 1, q′)-subspace. Then, f cannot map every (p− 1, q − 1)-
subspace contained in Xp−1,q into a (p
′ − 2, q′ − 1)-subspace.
Suppose the above lemma does not hold so that f maps every (p − 1, q − 1)-subspace
contained in Xp−1,q into a (p
′ − 2, q′ − 1)-subspace. Then, f induces a holomorphic map
f˜ : DIq,p−1 → DIp′−1,q′ which maps every (q− 1, p− 1)-subspace of DIq,p−1 into a (p′− 2, q′)-
subspace DIp′−1,q′ . More precisely, f˜ is defined so that ν ◦ f˜(Z) := f((ι(Z))T ) for all
Z ∈ DIq,p−1, where ν : DIp′−1,q′ →֒ DIp′,q′ is some standard embedding and ι : DIq,p−1 →֒ DIq,p
is the standard embedding such that the map H : DIp−1,q → DIp,q defined by H(W ) :=
(ι(W T ))T , W ∈ DIp−1,q, has the image H(DIp−1,q) = Xp−1,q. Since q ≥ p′ > p′ − 1 ≥ 2,
by [9, Theorem 1.2], f˜(DIq,p−1) lies in a single (p
′ − 2, q′)-subspace. But this implies that
f(Xp−1,q) lies in more than one (p
′ − 1, q′)-subspace, a plain contradiction. The proof of
the lemma is complete.
We can take any real curve γ(t) ⊂ Dp,q r I, 1 − ε ≤ t ≤ 1, such that f maps each of
the (p− 1, q)-subspaces (γ(t))♯ ∩DIp,q, 1− ε ≤ t < 1, into a unique (p′− 1, q′)-subspace. In
addition, we can find a one-parameter family λ(t) of (p−1, q−1)-subspaces in G(p, q) with
λ(t) ⊂ (γ(t))♯ for all t, and λ(1) ∩ ∂DIp,q = x♯0 ∩ ∂DIp,q = (γ(1))♯ ∩ ∂DIp,q. However, by the
assumption gˆ(x0) ∈ Dp′,q′ , the above arguments taken from [9, Proof of Theorem 1.3] would
imply that f maps every (p−1, q−1)-subspace of (γ(t))♯∩DIp,q into a (p′−2, q′−1)-subspace,
which contradicts with the assertion of Lemma 6.3. Hence, we have gˆ(x0) ∈ ∂Dp′,q′ for all
the boundary points x0 ∈ ∂Dp,q r I, i.e., g˜ is a rational proper map. 
Remark 4. Actually, if the proper holomorphic map f : DIp,q → DIp′,q′ (p, q ≥ 2) maps
every (p − 1, q)-subspace of DIp,q to a unique (p′ − 1, q′)-subspace of DIp′,q′ and q ≥ p′ ≥
3, then f induces a proper holomorphic map g˜ : Dp,q → Dp′,q′ such that f([A,B]♯p) ⊂
g˜([A,B]p)
♯ for all points [A,B]p ∈ Dp,q.
In [11], Seo also pointed out the following fact regarding equivalence class of fibral-
image-preserving maps and the corresponding moduli maps.
Lemma 6.4 (cf. Ng [9, p. 25], Seo [11, Remark 4.3, p. 443]). Let f : DIq,p → DIq′,p′ be a
holomorphic map and g : Dq,p → Dq′,p′ be a meromorphic map such that f([A,B]♯q) ⊂
g([A,B]q)
♯ for a general point [A,B]q ∈ Dq,p. If g is equivalent to a meromorphic map
g˜ : Dq,p → Dq′,p′, then f is equivalent to a map f˜ : DIq,p → DIq′,p′ such that g˜ is a local
moduli map of f˜ .
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More precisely, we let g˜ := Φ ◦ g ◦ φ, where φ ∈ Aut(Dq,p) and Φ ∈ Aut(Dq′,p′).
Then, there exist ψ ∈ Aut(DIq,p) and Ψ ∈ Aut(DIq′,p′) such that f˜ := Ψ ◦ f ◦ ψ satisfies
f˜([A,B]♯q) ⊂ g˜([A,B]q)♯ for a general point [A,B]q ∈ Dq,p.
6.1. Fibral-image-preserving maps between generalized complex balls. In this
section, we study fibral-image-preserving holomorphic maps between generalized complex
balls with respect to the double fibrations constructed in Section 4. We first obtain the
following fundamental result for such maps.
Proposition 6.5. Let q, p, q′ and p′ be positive integers such that q, q′ ≥ 2. Let g : U
⊂ Dq,p → Dq′,p′ be a fibral-image-preserving holomorphic map with respect to the double
fibrations
(6.1) Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
(6.2) Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
i.e., for any Z ∈ DIq,p such that Z♯∩U 6= ∅, we have g(Z♯∩U) ⊂W ♯ for some W ∈ DIq′,p′.
Suppose there exists Z0 ∈ DIq,p such that Z♯0 ∩ U 6= ∅ and g(Z♯0 ∩ U) ⊂ W ♯0 for a unique
W0 ∈ DIq′,p′. Then, g has a local moduli map F : UZ0 ⊂ DIq,p → DIq′,p′ for some open
neighborhood UZ0 of Z0 in D
I
q,p, and for all Z ∈ UZ0, g(Z♯ ∩U) lies inside a unique fibral
image F (Z)♯ in Dq′,p′.
Proof. Write g = [g1; g2]q′ . Let Lg : P
q−1 ×DIq,p ×DIq′,p′ → M(1, p′;C) ∼= Cp
′
be the map
defined by
Lg([A], Z,W ) := g1([A,AZ])W − g2([A,AZ])
for ([A], Z,W ) ∈ Pq−1 ×DIq,p ×DIq′,p′ .
Define Lg,[A],Z : D
I
q′,p′ →M(1, p′;C) ∼= Cp
′
by
Lg,[A],Z(W ) := Lg([A], Z,W ) ∀W ∈ DIq′,p′ .
Then, Lg,[A],Z is a linear map for all ([A], Z) ∈ Pq−1 ×DIq,p. For any Z ∈ DIq,p we define
VZ :=
⋂
[A]∈Pq−1
Zero(Lg,[A],Z).
By the assumption, VZ0 = {W0}. There exist a positive integer s and distinct [Aj ] ∈ Pq−1,
1 ≤ j ≤ s, such that
VZ0 =
⋂
[A]∈Pq−1
Zero(Lg,[A],Z) =
s⋂
j=1
Zero(Lg,[Aj ],Z0).
Define V˜Z :=
⋂s
j=1 Zero(Lg,[Aj ],Z) for every Z ∈ DIq,p. Then, VZ ⊆ V˜Z for all Z ∈ DIq,p.
Since dimC V˜Z0 = 0, there exists an open neighborhood UZ0 of Z0 in D
I
q,p such that
dimC VZ ≤ dimC V˜Z ≤ dimC V˜Z0 = 0
for all Z ∈ UZ0 by the upper semi-continuity of the function h(Z) := dimC V˜Z . Since
VZ 6= ∅ for all Z ∈ DIq,p, we have dimC VZ = 0 for all Z ∈ UZ0 . In particular, since VZ
is a linear section of DIq′,p′ , VZ = {WZ} for all Z ∈ UZ0 . Define F : UZ0 → DIq′,p′ by
F (Z) := WZ , we have the desired local moduli map F of g, i.e., g(Z
♯ ∩ U) ⊂ F (Z)♯ for
Z ∈ UZ0 . 
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We may also extend the definition of the double fibrations to topological closures of
the type-I irreducible bounded symmetric domains in complex Euclidean spaces and topo-
logical closures of the generalized complex balls in complex projective spaces (cf. Seo [11,
Section 4.1]), namely, we have the double fibrations
Dq,p
π˜1q,p←−− Pq−1 ×DIq,p
π˜2q,p−−→ DIq,p
for integers p, q ≥ 2. Then, for any W1,W2 ∈ DIq,p, W ♯1 = W ♯2 if and only if W1 = W2 by
Ng [9, Proposition 3.2].
Now, we have the following rigidity result for fibral-image-preserving rational proper
maps between generalized complex balls by making use of the arguments in Ng [8].
Proposition 6.6. Let g : U ⊂ Dq,p → Dq′,p′ be a rational proper map that is fibral-image-
preserving with respect to the double fibrations
(6.3) Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
(6.4) Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
where p ≥ q ≥ 2, q′ < min{2q−1, p}, q ≤ q′ and p ≤ p′. Then, g is linear, i.e., deg(g) = 1,
and g is equivalent to the map
[z1, . . . , zq; zq+1, . . . , zq+p]q 7→ [z1, . . . , zq,0; zq+1, . . . , zq+p,0]q′ .
Proof. If q′ = q or p′ = p, then the result follows from Theorem 5.1. Thus, we may suppose
q′ > q and p′ > p from now on. From Ng [8, Proofs of Lemma 3.1 and Proposition 3.2],
g extends to a finite rational map from Pq+p−1 to Pq
′+p′−1, still denoted by g. By Ng
[8, Proposition 3.4], the restriction of g to some (q − 1)-dimensional projective subspace
Π0 ⊂ Dq,p is a holomorphic immersion since q−1 < p+q−12 . Denote by I the indeterminacy
of g. Note that U = Dq,pr I, so we have Π0 ⊂ U because g|Π0 is holomorphic. Recall that
q′ < 2q−1, equivalently, q′ ≤ 2q−2, by the assumption. Since g(Π0) ⊂ Π′0 for some (q′−1)-
dimensional projective subspace Π′0 ⊂ Pq
′+p′−1 and q′ − 1 ≤ (2q − 2) − 1 = 2(q − 1) − 1,
by Feder’s theorem (see Ng [8, p. 770]), g|Π0 is linear. By the same arguments as in Ng [8,
Proof of the Main Theorem], g is linear, i.e., deg(g) = 1. Since g : U ⊂ Dq,p → Dq′,p′ is a
rational proper map, it follows from Proposition 5.4 that g is equivalent to the map
[z1, . . . , zq; zq+1, . . . , zq+p]q 7→ [z1, . . . , zq,0; zq+1, . . . , zq+p,0]q′ .

As a corollary of Proposition 6.6, we have the following rigidity theorem for fibral-image-
preserving rational proper maps between the generalized complex balls Dq,p and Dq+1,p′
with 3 ≤ q ≤ p− 2 and p ≤ p′.
Corollary 6.7. Let g : U ⊂ Dq,p → Dq+1,p′ be a rational proper map that is fibral-image-
preserving with respect to the double fibrations
(6.5) Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
(6.6) Dq+1,p′
π1
q+1,p′←−−−− Pq ×DIq+1,p′
π2
q+1,p′−−−−→ DIq+1,p′ ,
where 3 ≤ q ≤ p − 2 and p′ ≥ p, i.e., for any Z ∈ DIq,p such that Z♯ ∩ U 6= ∅, we have
g(Z♯ ∩ U) ⊂ W ♯ for some W ∈ DIq+1,p′. Then, g is linear, i.e., deg(g) = 1, and g is
equivalent to the map
[z1, . . . , zq; zq+1, . . . , zq+p]q 7→ [z1, . . . , zq, 0; zq+1, . . . , zq+p,0]q+1.
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6.2. Behaviour of fibral-image-preserving maps between type-I domains. In this
section, we investigate behaviour of fibral-image-preserving holomorphic maps from DIq,p
to DIq′,p′ with respect to the double fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
where q, q′ ≥ 2.
Let f : DIq,p → DIq′,p′ be a non-constant holomorphic map which maps every (q − 1, p)-
subspace of DIq,p into a (q
′ − 1, p′)-subspace of DIq′,p′ , where q, q′ ≥ 2. Then, for any
x ∈ Dq,p we define
Vx := {z ∈ Dq′,p′ : f(x♯) ⊂ z♯} =
⋂
y∈f(x♯)
y♯
so that Vx ∼= Pq′−n0(x)−1 by Ng [9, Proposition 3.2], where
n0(x) = n0(f(x
♯)) := min{n : f(x♯) ⊂ D ∼= DIn,p′ ⊂ DIq′,p′}.
Defining
V :=
{
(x, z) ∈ Dq,p ×Dq′,p′ : z ∈ Vx
}
,
V is a complex-analytic variety. Let φ := Pr1|V : V → Dq,p be the projection map onto
the first factor, i.e., φ(x, z) := x for all (x, z) ∈ V . Then, for any x ∈ Dq,p we have
φ−1(x) = {x} × Vx ∼= Vx ∼= Pq′−n0(x)−1 and φ is proper. For l ≥ 0 we define
Ul :=
{
x ∈ Dq,p : dimC φ−1(x) ≥ l
}
and
U˜l :=
{
(x, z) ∈ V : dim(x,z) φ−1(φ(x, z)) ≥ l
}
so that Ul = φ(U˜l). It is clear that for any (x, z) ∈ V we have
dim(x,z) φ
−1(φ(x, z)) = dimC φ
−1(x) = dimC Vx.
By Grauert’s Semicontinuity Theorem on the fiber dimension, U˜l ⊂ V (resp.Ul ⊂ Dq,p) is
a complex-analytic subvariety. On the other hand, we can rewrite Ul as
Ul =
{
x ∈ Dq,p : f(x♯) lies in a (q′ − l − 1, p′)-subspace of DIq′,p′
}
for 0 ≤ l ≤ q′ − 1.
Suppose there exists x0 ∈ Dq,p such that f maps x♯0 into a unique (q′ − 1, p′)-subspace
of DIq′,p′ . Then, dimC Vx0 = 0, equivalently, dimC φ−1(x0) = 0. Hence, U1 ⊂ Dq,p can only
be a proper complex-analytic subvariety and thus the set{
x ∈ Dq,p :
f maps x♯ into a unique
(q′ − 1, p′)-subspace of DIq′,p′
}
= Dq,p r U1
is a dense open subset.
In particular, f should satisfy one of the following two properties.
(1) f maps a general (q − 1, p)-subspace of DIq,p into a unique (q′ − 1, p′)-subspace of
DIq′,p′ .
(2) f maps every (q − 1, p)-subspace of DIq,p into at least two (q′ − 1, p′)-subspaces of
DIq′,p′ .
RIGIDITY OF PROPER HOLOMORPHIC MAPS 19
Now, for any x ∈ Dq,p we have 0 ≤ n0(x) ≤ q′ − 1 and dimC Vx = q′ − n0(x) − 1 is an
integer, so {dimC Vx : x ∈ Dq,p} ⊂ [0, q′ − 1] is a finite subset. In particular, there exists
x′ ∈ Dq,p such that dimC Vx′ = min{dimC Vx : x ∈ Dq,p} =: k0. Since f is non-constant,
n0(x
′) = max{n0(x) : x ∈ Dq,p} ≥ 1 and thus k0 = q′ − n0(x′) − 1 ≤ q′ − 2. Then,
dimC φ
−1(x) = dimC Vx ≥ k0 for all x ∈ Dq,p. Thus, we have Dq,p = Uk0 and Uk0+1 ⊂ Dq,p
is a proper complex-analytic subvariety. In particular, W := Dq,prUk0+1 ⊂ Dq,p is a dense
open subset. Now, we have a surjective holomorphic submersion φ˜ : V˜ := V ∩ (W ×Dq′,p′)
→ W defined by φ˜(x, z) := x for (x, z) ∈ V˜ , such that the fibers of φ˜ are biholomorphic
to Vx ∼= Pk0 for all x ∈W . In particular, there is a local holomorphic section of φ˜ around
any point x0 ∈W . More precisely, for any x0 ∈W there exists an open neighborhood Ux0
of x0 in W and a holomorphic map g˜x0 : Ux0 → V˜ such that
φ˜(g˜x0(x)) = x ∀ x ∈ Ux0 .
Note that Ux0 ⊂ Dq,p is also open. Thus, we can write g˜x0(x) = (x, gx0(x)) for all x ∈ Ux0 ,
where gx0 : Ux0 → Dq′,p′ is a holomorphic map. By definition, we have
f(x♯) ⊂ (gx0(x))♯ ∀ x ∈ Ux0 .
In particular, gx0 : Ux0 → Dq′,p′ is a local moduli map of f . In addition, for any x ∈W we
have q′−n0(x)− 1 = dimC Vx = k0 so that n0(x) = q′− k0− 1, i.e., f(x♯) is contained in a
unique (q′ − k0 − 1, p′)-subspace of DIq′,p′ . In other words, since W ⊂ Dq,p is a dense open
subset, f maps a general (q− 1, p)-subspace of DIq,p into a unique (q′− k0− 1, p′)-subspace
of DIq′,p′. We now summarize the above results as follows.
Theorem 6.8. Let f : DIq,p → DIq′,p′ be a fibral-image-preserving non-constant holomor-
phic map with respect to the double fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
where q, q′ ≥ 2. Then, either (1) f maps a general (q−1, p)-subspace of DIq,p into a unique
(q′ − 1, p′)-subspace of DIq′,p′ or (2) f maps every (q − 1, p)-subspace of DIq,p into at least
two (q′ − 1, p′)-subspaces of DIq′,p′.
Let n0 := max{n0(x) : x ∈ Dq,p} and n0(x) := min{n : f(x♯) ⊂ D ∼= DIn,p′ ⊂ DIq′,p′},
where x
♯
0 = π
2
q,p((π
1
q,p)
−1(x0)) ∼= DIq−1,p. Write k0 := q′−n0−1. Then, W := Dq,prUk0+1
⊂ Dq,p is a dense open subset and for any x′ ∈ W , there exists a local moduli map gx′ :
Ux′ ⊂ Dq,p → Dq′,p′ of f , i.e.,
f(x♯) ⊂ (gx′(x))♯ ∀ x ∈ Ux′ ,
where Ux′ ⊂ Dq,p is a connected open subset and
Ul =
{
x ∈ Dq,p : f(x♯) lies in a (q′ − l − 1, p′)-subspace of DIq′,p′
}
for l = 0, 1, 2, . . . , q′ − 1. In particular, f maps every (q − 1, p)-subspace of DIq,p into a
(q′ − k0 − 1, p′)-subspace of DIq′,p′, and f maps a general (q − 1, p)-subspace of DIq,p (i.e.,
x♯ for x ∈W ) into a unique (q′ − k0 − 1, p′)-subspace of DIq′,p′.
Now, we observe that one can obtain moduli maps for a fibral-image-preserving holo-
morphic map by making use of another generalized double fibration introduced by Ng [9,
p. 11].
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Proposition 6.9. Let f and k0 be as in Theorem 6.8. Write l := k0 + 1. Then, there
exist meromorphic maps gj : U ⊂ Dq,p → Dq′,p′, 1 ≤ j ≤ l, such that f(x♯) ⊂ (gj(x))♯ for
all x ∈ U , i.e., gj : U ⊂ Dq,p → Dq′,p′ is a moduli map of f with respect to the double
fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
where U ⊂ Dq,p is a dense open subset.
Proof. By Theorem 6.8, f maps every (q − 1, p)-subspace into a (q′ − l, p′)-subspace, and
f maps a general (q− 1, p)-subspace into a unique (q′− l, p′)-subspace. As in Ng [9, p. 11],
we may also consider the double fibration
G(l, q′ + p′ − l) ⊃ Dlq′,p′
πl←− G(l, q′ − l)×DIq′,p′
πq′−−→ DIq′,p′,
where πl([X], [Iq′ , Z
′]q′) := [X,XZ
′]q′ , πq′([X], [Iq′ , Z
′]q′) := [Iq′ , Z
′]q′ , and
Dlq′,p′ :=
{
[W ′,W ′′]q′ ∈ G(l, q′ + p′ − l) :W ′W ′T −W ′′W ′′T > 0
}
with W ′ ∈M(l, q′;C) and W ′′ ∈M(l, p′;C). For any [W ′,W ′′]q′ ∈ Dlq′,p′, we have
[W ′,W ′′]♯q′ :=πq′(π
−1
l ([W
′,W ′′]q′)) = {Z ∈ DIq′,p′ : W ′Z =W ′′}
∼=DIq′−l,p′.
On the other hand, in this proof, for any Z ′ ∈ DIq′,p′ we write
Z ′♯ := [Iq′ , Z
′]♯q′ =
{
[W ′,W ′Z ′]q′ ∈ Dlq′,p′ : [W ′] ∈ G(l, q′ − l)
} ∼= G(l, q′ − l).
For any x ∈ Dq,p we define
Vx :=
{
W = [W ′,W ′′]q′ ∈ Dlq′,p′ : f(x♯) ⊂W ♯
}
=
⋂
y∈f(x♯)
y♯,
which is a compact complex-analytic subvariety of Dlq′,p′ . Let
G :=
{
(x,W ) ∈ Dq,p ×Dlq′,p′ : W ∈ Vx
}
.
Then, G is a complex-analytic variety. Consider the projection map φ := Pr1|G : G → Dq,p
onto the first factor. We can deduce from Theorem 6.8 that
V := {x ∈ Dq,p : dimC Vx ≥ 1}
is a proper complex-analytic subvariety of Dq,p. Then, for any x ∈ Dq,p r V we have
Vx = {g(x)} for some point g(x) ∈ Dlq′,p′ and thus φ−1(x) = {x} × Vx = {(x, g(x))}. Note
that Dq,p r V ⊂ Dq,p is a dense open subset . Moreover, the set
S :=
{
(x,W ) ∈ G : dim(x,W ) φ−1(φ(x,W )) ≥ 1
}
= φ−1(V )
is a proper complex-analytic subvariety of G, and we have a biholomorphism φ|GrS : GrS
→ Dq,p r V . Note that
{(x, g(x)) ∈ G : x ∈ Dq,p r V } = G r Pr−11 (V ) ⊂ (Dq,p ×Dlq′,p′)r Pr−11 (V )
(resp. Pr−11 (V ) ⊂ Dq,p×Dlq′,p′) is a complex-analytic subvariety. Letting G′ be the closure
of GrPr−11 (V ) in Dq,p×Dlq′,p′ , G′ ⊂ Dq,p×Dlq′,p′ is a complex-analytic subvariety. We now
restrict Pr1 to the irreducible component of G′ containing GrS. This yields a meromorphic
map g : Dq,p → Dlq′,p′ ⊂ G(l, q′ + p′ − l) defined on Dq,p r V such that G r S is the graph
of g and
f([A,B]♯q) ⊂ g([A,B]q)♯ ∼= DIq′−l,p′ ∀ [A,B]q ∈ Dq,p r V =: U.
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(Noting that g : Dq,p r V → Dlq′,p′ is holomorphic.)
Writing g =
[
gT1 , . . . , g
T
l
]T
, where gj , 1 ≤ j ≤ l, are row vectors of g, each gj yields
a meromorphic map gj : Dq,p → Dq′,p′ such that f(x♯) ⊂ (gj(x))♯ for all x ∈ U . More
precisely, writing gj = [gj,1; gj,2]q′ , for any [A,B]q ∈ U we have
gj,1([A,B]q)f(Z) = gj,2([A,B]q)
for all Z ∈ [A,B]♯q. This shows that each gj : U ⊂ Dq,p → Dq′,p′ is a moduli map of f . 
7. Case (2) of Conjecture 1
We will focus on Case (2) of Conjecture 1 in this section, namely, we study proper
holomorphic maps from DIp,q to D
I
p′,q′ , where p ≥ q ≥ 2 and q′ < min{p, 2q − 1}.
7.1. Solution to Case (2) of Conjecture 1 when q′ = q + 1. Let r, s, r′ and s′ be
positive integers such that s′ < min{r, 2s− 1} and r ≥ s ≥ 2. If s′− s = 1, then it is clear
that the conditions s′ < min{r, 2s − 1} and r ≥ s ≥ 2 become 3 ≤ s ≤ r − 2.
By making use of Corollary 6.7, we obtain a solution to Case (2) of Conjecture 1 under
the additional assumption that q′ = q + 1, as follows.
Theorem 7.1. Let f : DIp,q → DIp′,q+1 be a proper holomorphic map, where p, q and p′ are
positive integers such that 3 ≤ q ≤ p− 2. Then, p′ ≥ p and f is of diagonal type.
Proof. Write q′ := q + 1. Then, it follows from 3 ≤ q ≤ p− 2 that q′ = q +1 < 2q − 1 and
q′ = q+1 ≤ p− 1 < p, i.e., q′ < min{p, 2q− 1}. Actually, we have seen that the condition
3 ≤ q ≤ p − 2 is equivalent to the conditions q + 1 = q′ < min{p, 2q − 1} and p ≥ q ≥ 2.
On the other hand, we have p′ ≥ p by Proposition 4.5.
By Proposition 4.7, f maps every (p, q−1)-subspace of DIp,q into a (p′, q′−1)-subspace of
DIp′,q′ . If f maps every (p, q−1)-subspace of DIp,q into more than one (p′, q′−1)-subspace of
DIp′,q′ , then f maps every (p, q−1)-subspace of DIp,q into a (p′, q′−2)-subspace DIp′,q′ . Note
that we have q′−2 = q−1 ≥ 2 so that rank(DIp,q−1) = q−1 = q′−2 = rank(DIp′,q′−2) ≥ 2.
By Tsai [13], the restriction of f to every (p, q−1)-subspace of DIp,q is standard. Therefore,
f itself is standard and thus of diagonal type. The proof is complete in this situation. Now,
we let
V :=
{
[A,B]q ∈ Dq,p :
f †([A,B]♯q) is contained in more than
one (q′ − 1, p′)-subspace of DIq′,p′
}
be a subset of Dq,p. Then, V
♯ =
⋃
[A,B]q∈V
[A,B]♯q ⊆ DIq,p is a union of (q−1, p)-subspaces.
If V ⊂ Dq,p has nonempty interior so that V ♯ contains a nonempty open subset W of
DIq,p, then the above arguments imply that since W =
⋃
[A,B]q∈V
(W ∩ [A,B]♯q) is open and
f †|
W∩[A,B]♯q
is standard for all [A,B]q ∈ V such that W ∩ [A,B]q 6= ∅, the whole map f †
is standard. In particular, f is standard. In this case, the proof is complete as before.
Now, we may suppose V ⊂ Dq,p has empty interior so that Dq,p r V is a dense subset.
Then, f † maps a general (q− 1, p)-subspace of DIq,p (i.e., a (q− 1, p)-subspace [A,B]♯q with
[A,B]q ∈ Dq,p r V ) into a unique (q′ − 1, p′)-subspace of DIq′,p′. Since p > q′ = q + 1 ≥ 3,
by Ng-Tu-Yin [10, Proposition 3.9] (see Proposition 6.2), f † has a moduli map g : Dq,p
99K Dq′,p′ = Dq+1,p′ such that g is a rational map, i.e., g extends to a rational map gˆ :
Pq+p−1 → Pq+p′ , and g is proper.
Let U ⊂ Dq,p be the domain of g. Then, g : U ⊂ Dq,p → Dq′,p′ = Dq+1,p′ is a rational
proper map which is fibral-image-preserving with respect to the double fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
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Dq+1,p′
π1
q+1,p′←−−−− Pq ×DIq+1,p′
π2
q+1,p′−−−−→ DIq+1,p′ .
By Corollary 6.7, g is linear, i.e., deg(g) = 1. Thus, g is equivalent to the map
Dq,p ∋ [A;B]q 7→ [A, 0;B,0]q+1 ∈ Dq+1,p′
so that f † is equivalent to the map
Z 7→
[
Z 0
0 h(Z)
]
for some holomorphic map h : DIq,p → DI1,p′−p by Lemma 6.1 and Seo [11, Remark 4.3]
(see Lemma 6.4). In particular, f † is of diagonal type, and so is f by Lemma 4.2. 
We may now prove a special case of the main theorem, i.e., Theorem 1.1, when q′ = q+1,
as follows.
Proof of Theorem 1.1 when q′ = q + 1. By Proposition 4.5, we have p′ ≥ p and q′ ≥ q.
Assume q′ = q + 1. Then, the rest follows directly from the proof of Theorem 7.1. This
finishes the proof of Theorem 1.1 with assumption (a), i.e., q′ = q + 1. 
7.2. Proof of Theorem 1.1. We observe that results obtained in Section 6.2 are actually
important to our study on proper holomorphic maps between type-I domains. Based on
these results, we can show the existence of global (meromorphic) moduli maps of proper
holomorphic maps between certain type-I domains, as follows.
Proposition 7.2. Let f : DIq,p → DIq′,p′ be a proper holomorphic map, where p ≥ q ≥ 2
and p > q′ ≥ 3. Then, f is fibral-image-preserving with respect to the double fibrations
Dq,p
π1q,p←−− Pq−1 ×DIq,p
π2q,p−−→ DIq,p,
Dq′,p′
π1
q′,p′←−−− Pq′−1 ×DIq′,p′
π2
q′,p′−−−→ DIq′,p′ ,
and there exists a rational proper map g : U ⊂ Dq,p → Dq′,p′ such that f(x♯) ⊂ (g(x))♯
for all x ∈ U , i.e., g : U ⊂ Dq,p → Dq′,p′ is a moduli map of f , where U is a dense open
subset. If in addition that q′ < 2q − 1, then f is of diagonal type.
Proof. By Proposition 4.5, f maps every (q − 1, p)-subspace into a (q′ − 1, p′)-subspace so
that f is fibral-image-preserving with the given double fibrations. Then, by Proposition
6.9, there exists a meromorphic map g : U ⊂ Dq,p → Dq′,p′ such that f(x♯) ⊂ (g(x))♯ for
all x ∈ U , i.e., g : U ⊂ Dq,p → Dq′,p′ is a moduli map of f , where U is a dense open subset.
By arguments in the proof of Proposition 6.2, g : Dq,p 99K Dq′,p′ is indeed a rational proper
map.
Assume q′ < 2q − 1. By Proposition 4.5, we have p ≤ p′ and q ≤ q′. It then follows
from Proposition 6.6 that g is linear, i.e., deg(g) = 1, and g is equivalent to the map
[z1, . . . , zq; zq+1, . . . , zq+p]q 7→ [z1, . . . , zq,0; zq+1, . . . , zq+p,0]q′ .
By the same arguments in the proof of Theorem 7.1, f is of diagonal type. 
Remark 5. Proposition 7.2 actually gives a way to handle Case (1) of Conjecture 1. Let
g : Dq,p → Dq′,p′ be a rational proper map which maps every maximal projective linear
subspace contained in Dq,p into a maximal projective linear subspace contained in Dq′,p′,
where p ≥ q ≥ 2, q′ < p and p′ < 2p − 1. It is unknown if such a map g is linear. Indeed,
Case (1) of Conjecture 1 could be solved provided that one proved the linearity of such a
map g.
Now, we are ready to prove Theorem 1.1, as follows.
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Proof of Theorem 1.1. Note that DIp,q is of rank q. By Proposition 4.5, we have p ≤ p′ and
q ≤ q′ so that DIp′,q′ is of rank q′ since q′ < p. If q′ = 2, then we have q = q′ and thus f
is standard by Tsai [13, Main Theorem]. In particular, f is of diagonal type when q′ = 2.
Now, we suppose q′ ≥ 3. Then, by Proposition 7.2, f † is of diagonal type, and so is f by
Lemma 4.2, as desired. 
Finally, we observe that Proposition 7.2 and the known results also have the following
implication.
Proposition 7.3. Let f : DIp,q → DIp′,q′ be a proper holomorphic map, where p ≥ q ≥ 2
and p > q′. Then, we have q ≤ q′ and p ≤ p′.
Proof. Since f is proper, it is clear that q ≤ min{p′, q′} ≤ q′ by considering the rank of
the type-I domains and using a result of Tsai [13].
Suppose q′ = 2. Then, we also have q = 2 and thus f has to be a standard embedding by
Tsai [13, Main Theorem]. In particular, f maps every (1, p− 1)-subspace of DI2,p properly
into a (1, p′ − 1)-subspace of DI2,p′ by Tsai [13]. This induces a proper holomorphic map
from Bp−1 to Bp
′−1, so it follows that p ≤ p′.
Suppose q′ ≥ 3. Then, by Proposition 7.2 there exists a rational proper map g : U ⊂Dq,p
→Dq′,p′ . Assume the contrary that p′ < p. Then, ι◦g is a rational proper map fromDq,p to
Dq′,p, where ι : Dq′,p′ →֒ Dq′,p is the standard linear embedding, ι([A,B]q′) := [A;B,0]q′ .
By Baouendi-Huang [2, Theorem 1.4], ι ◦ g is a standard linear embedding, and so is g.
But then this implies that p ≤ p′, a plain contradiction. Hence, we should have p ≤ p′, as
desired. 
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